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NONLINEAR FREE VIBRATIONS OF ELASTIC STRUCTURES

L. W. REHFIELD

Georgia Institute of Technology, Atlanta, Georgia

Abstract-An approach to nonlinear free vibrations of elastic structures is developed with the aid of Hamilton's
principle and a perturbation procedure. The theory is analogous to the theory of initial postbuckling behavior
due to Koiter. It provides information regarding the first order effects of finite displacements upon the frequency,
period and dynamic stresses arising in the free, undamped vibration of structures. Attention is restricted to
structures which are linearly elastic. The theory is illustrated by application to the free vibration of beams and
rectangular plates.

INTRODUCTION

A THEORY of initial postbuckling behavior has been developed by Koiter [1,2] which
permits the first order effects of finite displacements and initial imperfections on the
buckling process to be assessed. Although the original work was based upon potential
energy considerations, Budiansky and Hutchinson [3] and Budiansky [4] rederived the
essentials of the theory by another method which is based upon virtual work. In the present
paper an approach is developed for the analysis of nonlinear free vibrations that is in
much the same spirit. The approach is quite analogous to the treatment of Koiter's theory
in Ref. [4].

A perturbation approach that is applicable to nonlinear partial differential equations
which possess periodic solutions has been outlined by Keller [5] and applied by Keller
and Ting [6]. The essential features of the perturbation approach are used in the present
development. Solutions to the governing equations are sought as a power series in the
amplitude of the linear vibration mode and higher order effects are r,ystematically gener­
ated by successive perturbation equations.

OUTLINE OF mE THEORY

To facilitate a concise presentation of the theory, the functional notation used by
Budiansky [4] will be employed. The motion of the structure produces generalized dis­
placement II, strain., and stress G. The dynamics of the system is established by Hamilton's
principle, which is symbolically written

r2lt
/ro [ (1 (au) au) ]J0 1> 2.M at .at - G . &y dt = O. (1)

The "dot" operation signifies the appropriate inner multiplication of variables and
integration of the result over the entire structure, The generalized mass operator M is
assumed to be homogeneous and linear with the property that
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M(u) . V = M(v) . u (2)

for all u and v. Since only periodic motion is to be considered, the limits on the integral
over time correspond to a single period of the motion. w is the circular frequency of the
vibration such that

u(r, t) = u(r, t +~) (3)

r is the position vector to an arbitrary point in the structure.
If a new time variable T = wt is introduced in equation (1), this equation may be

replaced by

o. (4)

(5)

(6)

In the above, the notation ( . ) = 0( )JOT has been used. An integration by parts results in

[Z1<
wZM(ti). buI5"- J

o
[w 2M(u). bU+O'. by] dr = O.

The boundary terms vanish by reason of periodicity and we are left with

(" [w2 M(ii). bU+O'. by] dT 0

ou is any virtual displacement that is consistent with all the kinematic boundary con­
ditions imposed on the structure.

Equation (6) is supplemented by the strain-displacement relation

'( = L1(u)+!Lz(u) (7)

where L 1 and L z are homogeneous linear and quadratic functionals, respectively. In
addition, the homogeneous bilinear functional L 11 is defined by the following equation:

(8)

It follows that L11 (u, v) = Ll1(v, u) and L11 (u, u) = Lz(u). If use is made of the above
definitions, the variation of the generalized strain can be written as

(9)
where

(10)

is the linearized strain measure.
For Hookean (linear) elastic structures, the stress-strain relation can be written in

the form
0' = H(y)

where H is a homogeneous linear function. The following reciprocity relation

0'( I) . '(Z) = O'(Z) • '( 1)

(11)

(12)

will be assumed also; "1" and "2" are any arbitrary states of stress and strain.
The vibration modes and frequencies of the linearized theory can be found by setting

(13)
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~ is an amplitude parameter associated with the mode U1 which has natural frequency
W o' If equation (13) is substituted into equation (6) and only linear terms are retained, we
obtain

,2"J
o

[wgM(ii 1). OU+(JI . oe] d, = O.

Equating the integrand to zero yields the linearized equation of motion.
If we now set ou = u 1 in the above equation, we obtain an expression for wg.

(14)

(15)

2 -g"(Jl· e l d,
w - -=-'----,--------,-

o - J~" M(ii 1). Ul d,

g" (Jl . e1d,

g" M(ti1) . til d,'

This is analogous to a Rayleigh quotient for the natural frequency W o'
We assume at this point that a single mode U1 is associated with the natural frequency

wo. The case of multiple modes corresponding to the same natural frequency will be
discussed later.

To discover how the structure behaves for finite amplitudes, we assume

U = ~Ul + ~2U2 + ...

'Y = ~el + ~2(e2 + tL2(Ul))+' ..

(J = ~(Jl -+- ~2(J2 + ... (16)

where, in order to make the expansions unique, the displacement increments U2 , u3 , ...

are orthogonalized with respect to U 1 in the sense that

(k -# 1). (17)

This relation, together with equation (12), also implies that

(k -# 1) (18)

which by virtue of the reciprocity relation (12) implies further that

H(ek ) • e1 = 0 (k -# 1). (19)

The substitution of (16) into (6) yields

,2"J
o

g(w2M(ii 1). ou+ (Jl . oe)-+- e(w2M(ii2) . ou+ (J2 . oe+(Jl . L ll (U1, ou))

+ ~3(W2M(ii3). ou+ (J3 . oe+ (Jl . L ll (U2, ou)+ (J2 . L ll (U1, ou))+ ... } d, = O. (20)

If we now set ou = u1, oe = el in this expression and introduce (15), the following result
is obtained:

f" {~(1-:;)(Jl . e1+ ~2(J2' el +(Jl' L ll (U 1 , ud)

+~3(J3' e1+(Jl' L ll (U l , U2)+(J2' L ll(ut> U1))+ ...} d, = O.
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However, the reciprocity relation (12) permits further simplification as

(Jz· e1 = (Jl ·1z = (J, . (eZ +tL"(u,, u,»

= ta,. L l1 (u, , U,)

and

Consequently,

+ ~3(2(J, . L l1 (u" UZ)+ (JZ . L l1 (u" U,»+ ...} dr = 0

and we have the asymptotic relation

where

g" ~(J, . L l1 (u" U,) dr

w~g" M(u,) . u, dr

and

(21)

(22)

(23)

(24)

(25)

(26)

If A is nonzero, the structure can exhibit a softening characteristic with the frequency
decreasing for finite amplitudes for A~ negative. If A is zero, a negative value of B cor­
responds to softening (decreasing frequency) and a positive, nonzero value corresponds to
hardening (increasing frequency). If both A and B are zero, higher order terms must be
investigated to discover the nature of finite amplitude effects.

In the evaluation of B a solution for Uz and (Jz is required. It must be found from the
second order term in equation (20). The variational equation of motion is, therefore,

(27)

and

liu is orthogonal to u, in the sense of equation (17).
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MULTIPLE MODE SITUATIONS
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If more than one mode corresponds to the same natural frequency found from the
linearized theory, the above described solution process requires modification. If we assume
that k modes correspond to the same frequency, with the linearly independent modes
being identified as U11 , U12 , ... , U 1k , then the expansion for displacement in equation (16)
must be replaced by

k

U = I ~iUli+W
i= 1

(28)

where the modes are orthogonalized with respect to each other and to the additional
displacement w. Also we write

k

(J = I ~i(Jli+S.
i= 1

(29)

It is possible to develop k equations of the same type as (23) which are obtained by setting
ou equal to U II ' U12 ' ... , U lk . These equations, retaining only quadratic terms in the
~;'s as was done by Budiansky and Hutchinson [3] and thus neglecting the effects of w,
must be solved simultaneously. Since the equations are homogeneous, only amplitude
ratios can be found. A higher order analysis can be made, but the solution process is far
more difficult than the case of a single vibration mode.

APPLICATION TO FLEXURAL VIBRATIONS OF BEAMS

Consider the uniform, simply supported beam shown in Fig. 1. An axial force is in­
duced in the beam due to finite amplitude vibrations because the supports are assumed to
be immovable. Let U and W be the longitudinal and transverse components of displace­
ment, N be the axial force and X and Z be the coordinates shown in the figure. The average
axial strain e is given by

(30)

where E is Young's modulus and A is the cross-sectional area. Since the supports cannot
move apart

U(L)- U(O) = f: U,x' dX = 0

z,w

Bending stiffness £1,
Extensional stiffness £ A

1===-:-:.====-:.~=-=-=-=-=-. -=-=-=-=-::-:_--=-=--=-:.:-_=-=-=-=-=---=::::::j ·------to_ X,u

It--O--------L ---------....-il
FIG. I.

(31)
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which implies
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(32)

The equation governing transverse vibrations of the beam is

m It:tl + E1lt:xxxx - Nlt:xx = 0, (33)

where m is the mass per unit length of the beam and I is the second moment of area. If we
introduce the following variables and parameters,

"--

nX
x =--

L

w
W=--

.j(np) p = J(~) (34)

then equations (32) and (33) can be written in a convenient dimensionless form. They
become

1
(wtl2w,tl +w,xxxx - nw,xx = 0.

Equation (36) is subject to the boundary conditions

w(0, t) = w,xx(O, t) = °
w(n, t) = w,xx(n, t) = 0.

We now set, = wt, n = w2/wf, and, in view of the structure of the equations,

W = ~WI +~3W3+'"

n = en2+~4n4+""

The first approximation involves only WI' The linearized equation is

The solution is of the form

WI = cos, sin kx,

where k is an integer. This solution yields

no = k4

for the dimensionless frequency parameter.
The second approximation is simply

1 r" nk
2

n2 = 2J
o

(wl,Ydx = g(l +cos 2,).

The coefficient A in the expansion (24) is zero. B is determined to be

gn f~ n2(w l ,Y dx d, 3n
B= =~

nof~"f~ (W I)2 dx d, 16

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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Consequently, we have the asymptotic relation

n 3n 2

no = 1+ 16 e+....

587

(44)

This asymptotic approximation can be shown to be in complete agreement with an asymp­
totic representation of the solution obtained by Woinowsky-Krieger [7] in terms of elliptic
functions and with the solutions obtained by Chu and Herrmann [8] using two different
methods.

APPLICATION TO FLEXURAL VIBRATIONS OF
RECTANGULAR PLATES

A rectangular plate of length a, width b and thickness h is shown in Fig. 2, along with
notation and a sign convention. The origin of surface coordinates (X, Y) is taken to be the
corner of the plate, and U, Vand Ware midsurface displacement components. The plate is
assumed to be simply supported on all four edges and relative motions of the edges are
assumed to be prevented. Under these conditions, membrane stresses will be induced in
the plate due to transverse flexural vibrations of finite amplitude.

The analysis is based upon the following equations, which are equivalent to the
dynamic version of von Karman's equations used by Chu and Herrmann [8]:

u - f -vi. _1(w)2
yX - ,)lY ,xx 2 ,x

v - f - v{ _1(w)2,y - .xx . ,yy 2 IY •

z,w

.. b -I
Y,V

I~
a

t

~ Lh

X,U

FIG. 2.

(45)

(46)

(47)

(48)
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The dimensionless variables and parameters are listed below, along with any other im­
portant quantities.

(49)

b
f.1=­

a

nY
y=-

b

nX
X=-

b

(Wsp )2 = 3(1~h:2)m(~) 4

V 2 ( ) = 02( )+ 02( )
OX 2 oy2

The stress parameter ap is the compressive buckling stress of long or square simply sup­
ported plates; wsp is the fundamental circular frequency of a square plate. v is Poisson's
ratio and f is a dimensionless Airy stress function defined such that the membrane stresses,
00 dO . bh l'ax, aY' an 'xy, are given y t ere atlOn

(50)

The above partial differential equations are subject to the following boundary con­
ditions:

W(O, y) = w(~, y) = w(x,O) = w(x, n) = 0

w,xAO, y) = w,xx(~, y) = W,yy(x,O) = W,y)x, n) = 0

v(x, 0) = v(x, n) = 0

u(O,y) = u(£,y) = O.

(51)

(52)

(53)

(54)

f.1 = bja is the aspect ratio of the plate.
w2

We set, = wt, n = --)-2 and
(wsp

W=~Wl+~3W3+'"

f = ~2f2 +~4f4+....
(55)

The first order equation involves only Wl and is

(56)

We take the solution corresponding to the fundamental mode of the plate in the form

W1 = sin f.1X sin y sin " (57)

which leads to the linearized frequency ratio

(58)
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(63)

(61)

The second order equation is

4 2 1l2(1-cos 2r)
V /2 = (W1,Xy) -W1,xxWl,yy = 4 (cos 21lx+cOS 2y), (59)

We take the following solution for /2:

/2 = l4(1-COS2r{;2 cos 21lX+1l2 COS 2Y+2IXx2+2/3l] (60)

IX and /3 are constants which must be evaluated so as to satisfy the boundary conditions
(53) and (54). The tangential displacement parameters can be determined with 12 and W 1

known; they are

1 .
U2 = -2(1-cos2r)sm2Ilx(v-1l2+1l2Cos2y)

3 Il

V2 = ti(l- cos 2r) sin 2y(V1l2-1 +cos 21lx). (62)

It can be verified that these expressions satisfy (53) and (54) and that we must require that

1+Vll 2

1X=(1_v2)

and

(64)

Again, as for the beam, the coefficient A in the expansion (24) is zero. For the plate,
B is found to be

(65)

Consequently, we have the asymptotic relation

(66)

A solution to this problem has been obtained by Chu and Herrmann [8] in terms of
elliptic functions. A careful study of their solution and an asymptotic representation of it
for small amplitudes shows that there is complete agreement between it and the present
solution, albeit a lengthy process.

CONCLUDING REMARKS

A general approach to nonlinear vibrations of elastic structures has been developed
which provides information regarding the first order effects of finite displacements. It
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relies upon the use of Hamilton's principle and a perturbation procedure to obtain ana­
lytical results. The theory effectively reduces a nonlinear free vibration problem to a
sequence of linear problems, only the first two of which usually need be solved to obtain
an initial estimate of finite amplitude effects. The theory has been applied to beams and
rectangular plates, structures for which solutions already exist, in order to illustrate the
theory and demonstrate its usefulness.
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A6cTpaKT-C rrOMOlllhlO rrpHHluma raMHnhToHa H MeTO.ll.a B03MYllleHHH, BhIBO.ll.HTCli no.ll.XO.ll. K pellleHHIO
HenHHeHHhlx, CBo6o.ll.HhIX Kone6aHHH ynpyrHx KOHCTpyKIlHH. TeopHli aHanOrH'lHa K TeopHH Ha'lanhHOro
3aKpHTH'IeCKoro nOBe.ll.eHHlI BCMhlcne KoHTepa. )l.aeT OHa HHcj>opMaIlHIO, KacalOlllYlOcli 3cj>4>eKTOB nepBoro
p0.ll.a .lI.nll KOHe'lHhIX rrepeMellleHHH Ha '1aCToTy, nepHO.ll. H .lI.HHaMH'IeCKHe Hanpll)l(eHHlI, B03HHKalOlllHe BO
BpeMli cBo6o.ll.HOrO, He3aTyxalOlllero Kone6aHHlI KOHCTpyKIlHH. OrpaHH'IHBaeTCli BHHMaHHe K JlHHeHHO­
ynpyrHM KOHCTPYKIlHlIM. )l.JllI HJlJlIOCTpaIlHH, TeopHli npHMeHlIeTCli K 3a.ll.a'le CBo6o.ll.HOrO KOJle6aHHlI
6aJlOK H npliMoyroJlhHhIX nJlaCTHHOK.


